The automorphism groups Aut(C(G; X)) and Aut(CM(G; X; p)) of a Cayley graph C(G; X) and a Cayley map CM(G; X; p) both contain an isomorphic copy of the underlying group G acting via left translations. In our paper, we show that both automorphism groups are rotary extensions ( 6]) of the group G by the stabilizer subgroup of the vertex 1 G . We use this description to derive necessary and su cient conditions to be satis ed by a nite group in order to be the (full) automorphism group of a Cayley graph or map and classify all the nite groups that can be represented as the (full) automorphism group of some Cayley graph or map.
Introduction and preliminaries
The only graphs considered in this paper are nite Cayley graphs ? = C(G; X) which are nite simple graphs de ned for any nite group G and a set of generators X G with the property 1 G 6 2 X and x ?1 2 X for each x It is easy to see that Cayley graphs de ned in this way are simple loop-less non-oriented regular graphs of valency jXj.
The (full) automorphism group Aut(?) of a graph ? with the vertex set V (?) and edge set E(?) is the group of all permutations of the set V (?) preserving the edge structure E(?), i.e., the subgroup of the full symmetric group of all permutations ' 2 S V (?) satisfying the property '(u) is adjacent to '(v) if and only if u is adjacent to v, for all pairs of vertices u; v 2 V (?). In the case when ? = C(G; X), the automorphism group Aut(?) can be alternately described as the subgroup of S G of all permutations ' with the property '(a) ?1 '(a x) 2 X for all a 2 G and x 2 X. It easily follows that the set of left translations A a de ned for each element a 2 G by A a (b) = a b comprises a subgroup of Aut(?) isomorphic to the underlying group G. As this subgroup acts transitively on the set of vertices V (?), every Cayley graph C(G; X) is a vertex-transitive graph. Due to their inherent abundance of automorphisms as well as their \compact" description, Cayley graphs have been intensely studied over the last hundred years, and have played an important role in many interesting problems ranging from Combinatorial Group Theory through Algebraic Combinatorics, Extremal Graph Theory, and, especially lately, Applied and Theoretical Computer Science.
Our aim in Section 3 is to describe the structure of the automorphism group Aut(?) of any Cayley graph ? = C(G; X) in terms of a rotary extension ( 6] ) of the group G. This will allow us to characterize all nite groups representable as the full automorphism group of some Cayley graph ?. Related problems have been studied especially in the relation to the classi cation of the graphical regular representations { representations of abstract groups as regular (full) automorphism groups of graphs (which all turn out to be Cayley, due to the regularity requirement). Among the many articles devoted to this problem, let us mention at least the following few: 3, 4, 11, 12] . All the relevant theory concerning rotary extensions of groups will be developed in Section 2.
Section 4 of our paper is devoted to automorphism groups of combinatorial structures closely related to Cayley graphs { Cayley maps. Automorphism groups of Cayley maps are isomorphic to subgroups of the automorphism groups of their underlying Cayley graphs, and so the problem of characterizing the automorphism groups of Cayley maps is closely tied to the above mentioned problems concerning Cayley graphs.
Let ? be an arbitrary graph. A 2-cell embedding M of ? in an orientable surface is called a map, and can be simply thought of as a drawing of ? on an orientable surface with all faces homeomorphic to the open disc. Each of the original edges of the graph ? can be endowed in M with two opposite directions and gives thereby rise to two oppositely oriented arcs of M. We denote the set of all arcs of M by D(M), jD(M)j = 2jE(?)j. The arc-reversing involution acting on the set D(M) by sending an arc to its oppositely oriented pair is denoted by T. Further, given an arbitrary vertex v of M, the cyclic permutation of the set of arcs emanating from v induced by the orientation of the underlying surface will be denoted by p v and the union of all cyclic permutations p v which is a permutation of D(M) called the rotation of M will be denoted by R. It is well-known that each map M is completely determined by its underlying graph ? together with the permutations R and T, and we shall use this fact freely throughout our paper. The (full) automorphism group Aut(M) of a map M is the group of all permutations of the set D(M) preserving the faces of M, namely, the group of all permutations ' 2 S D(M) that commute with both R and T.
In our paper we focus on maps whose underlying graph is a Cayley graph.
Let ? = C(G; X), the arc set D(M) of any embedding of a Cayley graph can then be represented as the set of all ordered pairs (g; x), g 2 G and x 2 X, with (g; x) representing the arc emanating from the vertex g and terminating at the vertex g x. Thus, jD(M)j = jGj jXj, the arc-reversing involution T can then be de ned by means of T(g; x) = (g x; x ?1 ), and each of the local cyclic permutations ordering the arcs emanating from a vertex g induces a cyclic permutation p g of the set X de ned by the formula R(g; x) = (g; p g (x)).
One special case of a Cayley graph embedding into an orientable surface that has received particular attention is the case of an embedding for which all the local permutations p g are equal in its action on X to a xed cyclic permutation p of X. Such Cayley graph embeddings are called Cayley maps and are denoted by CM(G; X; p). The main reason for the attention they receive is not only the obvious fact that they are easy to describe and have a very compact description, but it is the richness of their automorphism groups. Each element g of G induces a map automorphism A g de ned on the set D(M) via left translation by means of the formula A g (a; x) = (g a; x), for all g 2 G and x 2 X. That A g is indeed a map automorphism follows easily from the following identities:
RA g (a; x) = R(g a; x) = (g a; p g a (x)) = (g a; p(x)) = = A g (a; p(x)) = A g (a; p a (x)) = A g R(a; x); TA g (a; x) = T(g a; x) = (g a x; x ?1 ) = A g (a x; x ?1 ) = A g T(a; x); where the rst sequence of identities also clearly indicates why left translations do not induce map automorphisms for arbitrary embeddings of Cayley graphs. Thus, the (full) automorphism group Aut(M) of a Cayley map M = CM(G; X; p) acts transitively on the set of vertices of M via a copy of G, and jGj jAut(M)j. Moreover, it is well-known ( 2] ) that the automorphism group of any embedding of a Cayley graph into an orientable surface (not just of a Cayley map) acts semiregularly on the set of arcs of the map, Note that the product operation in the rst coordinate is the \usual" semidirect product multiplication in the rst coordinate, while the second coordinate multiplication is de ned by formula (1) . This operation of multiplication makes the set of pairs H K into a group: Proof. Recall that K is the subgroup of S G of all permutations satisfying the properties (i) (1 G ) = 1 G and (ii) (a) ?1 (ax) 2 X, for all a 2 G and x 2 X. Thus, K is clearly a subgroup of Stab S G (1 G ), and to prove the rst statement of our theorem, it remains to prove that K is rotary closed. Let ; 2 K and a be an arbitrary element of G. The mapping a stabilizes the vertex 1 G , as Stab S G (1 G ) itself is rotary closed. Now, let b be any element of G and x be any element of X. The following series of identities veri es that a also satis es the condition (ii).
where (b) ?1 (bx) = y 2 X follows from the fact that satis es (ii). 
, which completes the proof of our theorem. 2
The above theorem asserts that the full automorphism group of any Cayley graph has the structure of a rotary extension of the underlying group. This result allows for a nice extension of the well-known Cayley theorem.
Corollary 1 Let G be a nite group of order n. Then G is a rotary factor of the full symmetric group S n , i.e., S n is a rotary extension of G :
S n = G rot Stab Sn (1 G ):
Proof. This is a direct corollary of the previous theorem based on the fact that S n = Aut(C(G; X)), where X is the set of all non-identity elements of G, and thus, C(G; X) is a complete graph. 2
It is not hard to see that Theorem 3 is true for any vertex-transitive automorphism group of a Cayley graph -not just the full automorphism group. The connection between automorphism groups of Cayley graphs and rotary extensions goes even deeper. Knowing the structure of the (full) automorphism groups of Cayley graphs, we can nally address the problem of classifying all nite groups that are the full automorphism groups of some Cayley graphs, i.e., we will classify all the nite groups G for which there exists a Cayley graph ? = C(H; X) such that G = Aut(?) (note that dropping the requirement that G has to be the full automorphism group would make our task trivial: any nite group G is a subgroup of the automorphism group of any Cayley graph based on G).
Let G be an (abstract) nite group. If G = Aut(?) for some Cayley graph ? = C(H; X), then H has to be isomorphic to a subgroup of G. To simplify our notation, let us simply assume that H is a subgroup of G itself. In the case when H = G, the action of G on the vertices of ? is regular, and the Cayley graph C(G; X) is called a graphical regular representation of G. Let G be a nite group that does not have a GRR. Then G is an abelian group of exponent greater than 2 or G is a generalized dicyclic group or G is isomorphic to one of the following 13 groups Clearly, any group possessing a GRR can be represented as the full automorphism group of some Cayley graph, namely, the full automorphism group of its GRR. Thus, the only groups for which the question of whether or not they can be represented as the full automorphism group of some Cayley graph needs to be decided are the groups from the above list. Since these groups do not have a GRR, the only way they can possibly be represented as the Aut(?) of some Cayley graph ? is via a transitive action on a Cayley graph of some proper subgroup of theirs. These observations lead to the following classi cation.
Theorem 5 Let G be a nite group. Then G is isomorphic to the full automorphism group Aut(?) of a Cayley graph ? = C(H; X) if and only if G is not an abelian group of exponent greater than 2, a generalized dicyclic group, or one of the groups (1),(3),(4),(5),(6), (7), (8) Since the paragraph about the abelian case applies also to the groups from line (1) of the list, all that is left to prove is that none of the groups from lines (3) through (8) are isomorphic to a full automorphism group of a Cayley graph. Using the packages \GAP" and \nauty", we have constructed all Cayley graphs C(H; X) satisfying the property that H is a proper subgroup of some group from (3) to (8) , and all their automorphism groups. None of the groups listed in lines (3) through (8) appeared on our list. We conclude that none of these groups is isomorphic to the full automorphism group of a Cayley graph. This completes the proof of our classi cation. 2 
Automorphism groups of Cayley maps
As mentioned in the introduction, automorphism groups of Cayley maps are isomorphic copies of special vertex-transitive subgroups of the automorphism groups of their underlying Cayley graphs. Using Theorem 4, it follows that the automorphism groups of Cayley maps Aut(CM(G; X; p)) are rotary extensions of the underlying group G. This has been rst observed in 5], where one can also nd the following results relevant to the theory developed further in this section.
Let M = CM(G; X; p) be a Cayley map, and let be a bijection of the group G onto itself. We say that is a rotary mapping of M if satis es for all a 2 G and x 2 X the following three properties : In what follows, we shall use the above results from 5] to classify the nite groups isomorphic to some full automorphism group of a Cayley map.
First we state an analogue of Theorem 4 the proof of which follows from the above stated description of the automorphism groups of Cayley maps and from an argument similar to the one in the proof of Theorem 4.
Theorem 6 A nite group G is a vertex-transitive subgroup of the full automorphism group of some Cayley map if and only if G = H rot h'i and there exists a collection of orbits fO i j i 2 Ig of ' acting on H such that all orbits are of the same size, their union X = S O i is closed under taking inverses, 1 H 6 2 X, and X generates all of H.
Next, consider the following analogue of the concept of a GRR for a group G. A Cayley map CM(G; X; p) is said t be a mapical regular representation, MRR, for a group G if Aut(CM(G; X; p)) = G. Thus, an (abstract) group G is said to possess an MRR if it can be represented as a vertex-regular automorphism group of some Cayley map of G. Naturally, a question arises which nite groups allow for an MRR.
The following theorem provides a complete answer to this question together with a classi cation of all nite groups representable as full automorphism groups of Cayley maps. Moreover, each nite group not isomorphic to Z 3 or Z 2 2 also possesses an MRR.
Proof. Let G be a nite group. If ? = C(G; X) is a graphical regular representation for G, then Aut(CM(G; X; p)) = G, for all cyclic permutations p of X. This is due to the fact that Aut(CM(G; X; p)) is isomorphic to a vertex-transitive subgroup of Aut(C(G; X)) = G. Thus, any nite group G that has a GRR has also an MRR and is isomorphic to the automorphism group of some Cayley map. Once again, we only need to focus on the groups that do not have a GRR. We shall, however, adopt a di erent approach this time, and we shall prove the theorem for all su ciently large nite groups at once, regardless of whether they have a GRR or not. The proof will be slightly di erent for groups of even and odd order.
First, let G be a nite group of an odd order greater than or equal to 13.
Let X be the set of all non-identity elements of G, X = fa j a 2 G; a 6 = 1 G g.
We will construct a cyclic permutation p = (p 1 ; p 2 ; : : : ; p jXj ) of X such that Aut(CM(G; X; p)) = G. Since jXj 12 and jGj is odd, we can nd two distinct elements x and y from X such that all ve elements x; x ?1 ; y; y ?1 and x y are di erent. Now, let p be any cyclic permutation of X with the rst ve elements de ned as follows: p 1 = x, p 2 = x ?1 , p 3 = y, p 4 = y ?1 and p 5 = x y, that satis es the property that each element of X is listed in p next to its inverse (i.e., p ?1 i is equal to either the predecessor or the successor of p i ). Such a cyclic permutation of X clearly exists as X contains no involutions. Recall now that the results from 5] yield that Aut(CM(G; X; p)) = G if and only if the smallest divisor of jXj associated to a rotary mapping is jXj itself in which case the rotary mapping jXj is simply equal to id G and Aut(CM(G; X; p)) is a rotary extension of G by a trivial group. We are going to alter the permutation p in such a way that will guarantee that none of the bijections k de ned by formula (3) and associated with a divisor k of jXj, k 6 = jXj, will be equal to p k on X. Thus, the automorphism group of the resulting Cayley map will be a rotary extension of G by a trivial group and will therefore be isomorphic to G. Let , we obtain 1 (x y) 6 = p(x y), hence, 1 jX 6 = p and therefore the smallest divisor of jXj for which the corresponding k equals p k on X is not 1 (and jAut(CM(G; X; p))j < jGj jXj=1). A more interesting situation occurs when p 5 = x ?1 x ?1 . In that case there is a chance for 1 jX to be equal to p, which would cause the automorphism group to be too big. To avoid that, we will alter the permutation p by swapping the fth and sixth element of p, i.e., if p 5 = x ?1 x ?1 and p 6 = b, we will set p 5 = b and p 6 = x ?1 x ?1 . If we consider the rotary mapping 1 de ned by the new permutation p and formula (3), we still obtain (x y) = x ?1 x ?1 (as the rst four elements of p have not been changed!), while p(x y) = p 5 = b is not equal to x ?1 x ?1 anymore, and 1 jX 6 = p. Thus, in both cases (p 5 equal to x ?1 x ?1 or not), we obtain a permutation p such that jAut(CM(G; X; p))j < jGj jXj=1.
In order to \disable" all the possible rotary mappings other than jXj , we just need to repeat the above described swapping process for all k , k 2 J .
We will do it using induction. We have already shown how to disable the rotary mapping 1 without changing the order of the rst ve elements. Now suppose (the inductional hypothesis) that k j jX 6 = p k j for all j n. We will alter the permutation p in such a way that will disable k n+1 while at the same time the alteration will not a ect the fact that k j jX 6 = p k j for j n. Consider the image of x y under k n+1 as de ned by formula (3) : k n+1 (x y) = p k n+1 (x) p l 1 ((p k n+1 (x)) ?1 ). The exponent l 1 = 1 again (we have not changed the order of the rst ve elements), and thus, k n+1 (x y) = p k n+1 (x) p((p k n+1 (x)) ?1 ). If p k n+1 (x y) 6 = p k n+1 (x) p((p k n+1 (x)) ?1 ), then k n+1 jX 6 = p k n+1 , and we do not need to do any changes. If p k n+1 (x y) = p k n+1 (x) p((p k n+1 (x)) ?1 ), then we need to swap the element p k n+1 (x y) = p k n+1 +5 with its right neighbor. It is obvious that this swap will disable k n+1 . Moreover, none of the computations that disabled the mappings j , j n, will be e ected by this change, as all the images j (x y) = p j (x) p((p j (x)) ?1 ) and p j (x y), as well as all the elements used in their computation are positioned left of the swap, and are not changed by the swap (notice that the fact that p((p j (x)) ?1 ) is left of the swap is due to the fact that we have started with a permutation p where elements and their inverses were close one to another).
To complete this proof by induction we just need to argue that the last swap (the one disabling k j ) will not accidentally spill over to the beginning of the permutation and change the element p 1 = x. This follows from our choice of the size of X, jXj 12. The last two elements that might possibly be swapped are p k j +5 and p k j +6 , where k j is the largest divisor of jXj not equal to X. Hence, the swap will not spill over to p 1 if k j + 6 jXj. Since G is an odd degree group, jXj is even, and the largest divisor k j of jXj is at most jXj=2. It follows that k j +6 jXj if (jXj=2)+6 jXj, i.e., jXj 12 or jGj 13 , and this requirement is enough to guarantee that we can perform all the changes. This completes the proof by induction, and we conclude that any nite odd order group G of size at least 13 allows for the existence of a cyclic permutation p of the set X = G ? f1 G g such that Aut(CM(G; X; p)) = G. Now, consider the groups of even order, and suppose that G is a nite group of an even order greater than or equal to 8. Let X again be the set of all non-identity elements of G. Since G is of even order, it contains at least one involution x, and since jGj 8, it also contains an element y di erent from x. Let p = (p 1 ; p 2 ; : : : ; p jXj ) be again a cyclic permutation of X. There are two possibilities to de ne the beginning of p this time, depending on whether y can be chosen to be an involution (i.e., whether G contains more involutions than just x) or not. If y can also be chosen to be an involution, set p 1 = x, p 2 = y and p 3 = x y. If there are no more involutions beside x, choose the element y in such a way so that the four elements x; y; y ?1 ; x y are all di erent (this is possible since jGj 8) and choose the beginning of p to be p 1 = x, p 2 = y, p 3 = y ?1 and p 4 = x y. In both cases, complete the permutation p so that the elements that are not involutions stand next to their inverses. Next starting from the above described permutation p disable the nondesirable rotary mappings just like we did in the case of odd order groups. This can be done by induction as long the last swapped element does not spill over to p 1 . The last two elements that might possibly be swapped are p k j +3 and p k j +4 or p k j +4 and p k j +5 depending on which of the two possibilities for p we are using (where k j is once again the largest divisor). Thus, the last swap will not e ect p 1 if k j + 5 jXj. Since jXj is odd, k j is at most jXj=3, which nally implies jXj 7:5 or jGj 10 . Finally, in the case when jGj = 8, the set X is of size 7. The only divisor of 7 smaller than 7 is 1, and so we only need to disable 1 . There is obviously enough room to do that, which extends our arguments to all even order groups G of size at least 8. We will leave the details of this part of the proof out as they are quite similar to the previous proof for the odd order. The above proofs leave us with only nitely many groups that may not be isomorphic to the automorphism group of any Cayley map, namely, the odd order groups Z 11 , Z 9 , Z 2 3 , Z 7 , Z 5 , Z 3 , and Z 1 , and the even order groups Z 6 , S 3 , Z 4 , Z 2 2 , and Z 2 . Following the above ideas about choosing the permutation p, one can easily nd permutations p such that Aut(CM(G; X; p)) = G for all the groups in this list but Z 3 and Z 2 2 . Finally, one can easily construct all the Cayley maps based on the remaining two groups { there is only one Cayley map for Z 3 (even if we drop the requirement that X must generate the group, we only obtain one more map that way), and only two isomorphic classes for Z 2 2 (four, if we drop the requirement for X to be a generating set).
None of the maps has either Z 3 or Z 2 2 for its automorphism group. Moreover, none of the two groups can be the automorphism group of a Cayley map of a smaller group as that would lead to a non-trivial rotary extension that is non-abelian. We can conclude that the only groups that are not isomorphic to the full automorphism group of some Cayley map and that do not have an MRR are Z 3 and Z 2 2 . 2 It follows from the above theorem, that each nite group G di erent from Z 3 or Z 2 2 allows the existence of a Cayley map of a complete graph based on G with the automorphism group being as small as possible. The opposite side of the spectrum, namely the nite groups G that allow the existence of a Cayley map based on a complete graph of G that has a regular automorphism group have been studied by James and Jones in 9] who have shown that the only regular Cayley maps whose underlying graph is complete are balanced
